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HOMEWORK 0

MATHIAS BRAUN AND WENHAO ZHAO

Homework 0.1 (Warmup). Give an example of the following objects or show they cannot
exist, respectively.

a.
b.

f.

A holomorphic function f: C\ {0} — C such that f'(z) = 1/z.
A holomorphic function f: C\ {R < 0} — C with f’(z) = 1/z? Here {R < 0}
designates the set of all complex numbers with nonpositive real part.

. A domain D c C and a nonconstant holomorphic function f: D — C such that

| f| is constant.

. A nonconstant holomorphic function f: C — C such that f(n) = 0 for every

n € N.

. A nonconstant holomorphic function f: C — C such that f(i+ 1/n) = 0 for every

neN.
A nonconstant holomorphic function f: C\ {0} — C that is bounded.

Homework 0.2 (Image of entire functions). Let f: C — C be an non-constant entire
function (i.e. f is holomorphic on the entire complex plane). Show f(C) is dense in C'.

Homework 0.3 (Complex Arzela—Ascoli theorem). Let K ¢ C be a compact set and let
(fn)nen be a uniformly bounded sequence of functions f,,: K — C, i.e.

a.

b.

sup sup | f(2)] < eo.
neN zeK

Let S C K be a countable set. Show there exists a subsequence ( f5, )xen such that
the point evaluations ( f;;, (z))ren converge to some value f, € C for every z € S.
Now assume in addition that ( f;,),eN is equicontinuous, i.e. for every € > 0 and
every z € K there exists § > 0 such that for every x € K,

x-zl<6 = supl|fulx) - fu(2)] <&
neN

Suppose moreover the set S from a. is dense in K. Show that the point evaluations
(fnr (2))ken converge to some value f, € C for every z € K.

Retain the setting of b. and define the function f: K — C by f(z) := f;. Show
(fu )ken converges uniformly to f on K. Conclude f is continuous.

Date: September 9, 2024.
IHint. Argue by contradiction and use Liouville’s theorem for a suitable function.



